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Abstract. In this paper, we continue in solving reflected generalized backward stochastic 
differential equations (RGBSDE for short) and fixed terminal time with use some new technical 
aspects of the stochastic calculus related to the reflected generalized BSDE. Here, existence 
and uniqueness of solution is proved under the non-Lipschitz condition on the coefficients. 
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1. Introduction 

The study of nonlinear backward stochastic differential equations (BSDEs, in short) 
was initiated by Pardoux and Peng lfl"2l . Mainly motivated by financial problems (see 
e.g. the survey article by El Karoui et al. JH)), stochastic control and stochastic games 
(see the works by Hamadene and Lepeltier J5) and references therein ), the theory of 
BSDEs was developed at high speed during the 1990. These equations also provide 
probabilistic interpretation for solutions to both elliptic and parabolic nonlinear partial 
differential equations (see Pardoux and Peng |[T3l . Peng lfl31 ). Indeed, coupled with a 
forward SDE, such BSDE's give an extension of the celebrate Feynman-Kac formula 
to nonlinear case. 

In order to provide a probabilistic representation for solution of parabolic or el- 
liptic semi-linear PDEs with Neumann boundary condition, Pardoux and Zhang |[T4l 
introduced the so-called generalized BSDEs. This equation involves the integral with 
respect to an increasing process. 

El-Karoui et al. J9) have introduced the notion of reflected BSDEs (RBSDEs, in 
short). Actually, it is a BSDE, but one of the components of the solution is forced to 
stay above a given barrier. Since then, many others results on the RBSDEs have been 
established (see flUID an d references therein) . In El-Karoui et al. J9), the RBSDEs 
also provided a probabilistic formula for the viscosity solution of an obstacle problem 
for a parabolic PDEs. 

Following this way, Ren et al lfT6l have introduced the notion of reflected gener- 
alized BSDEs (RGBSDE, in short). They connected it to the obstacle problem for 
PDEs with Neumann boundary condition. More precisely, let consider the following 
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RGBSDE: for < t < T, 

r-T fT r T 



(i) Y t = £+ [ f(s,Y s ,Z s )ds + [ g(s,Y s )dG s - [ Z s dW s + K T -K t 

Jt Jt Jt 

(ii) Y t >S t (1.1) 

(iii) A is a non-decreasing process such that Ao = Oand / (Yf — StjdKt = 0. 

Jo 

They proved under suitable conditions on the data the existence and uniqueness of 
the solution (Y, Z, K). The increasing process K is introduced to pushes the com- 
ponent Y upwards so that it may remain above the obstacle process S. In particular, 
condition (iii) means that the push is minimal and is done only when the constraint is 
saturated i.e. Yt < St- In practice (finance market for example), the process K can be 
regarded as the subsidy injected by a government in the market to allow the price pro- 
cess Y of a commodity (coffee, by example) to remain above a threshold price process 
S. 

In the Markovian framework, the RGBSDE (jl.ll) is combined with the following 
reflected forward SDE: for every (t, x) G [0, T] x and s G [t, T) 

r sVt rsVt r sVt 

Xt' x = x + / b(X^ x )dr + / <T(X^)dW r + / VVK-X^dG** s > 
Jt Jt Jt 

/sVt 

where G t,x is an increasing process and tji G C^(IR d ) characterize © and d® as 
follows: 

8 = {i6l' i : ip(x) > 0} and d® = {x G R d : tp(x) = 0}. 

Assuming the data in the form £ = l(Xj?), S s = h(s,X s ' x ), f(s,y, z) = f(s,Xl' x ,y,z), 
and g(s, y) = g(s, Xt' x , y), the RGBSDE CD]) becomes: for any fixed t G [0, T] 

(t) Y^ x = l(X^) + f f(r, X^, Y^, Z^ x )dr + [ g(r, X**, Yp°)dG? 

J s J s 

fT 

- / Z\' x dW r + K l rf - Kl' x , s G [t, T] 

J s 

(ii) Y*' x > h(s,Xi' x ), a.s., V s G [t,T] 

fT 

(iii) K Ux is a non-decreasing process such that K^ x = and / (Y*' x - h(s, Xl ,x ))dKl' x = 0, 
I Jt 

(1.2) 
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and gives a probabilistic interpretation of the following type of obstacle problem for 
a partial differential equation with nonlinear Neumann boundary condition: 

min {u (t, x) — h (t, x) , 

-ff (t, x) - (Lu) (t, x) - f(a, x, u (t, x) , (Vu (*, x))* a (t, x))} = 0, 
< (t, x) G [0, T] x 

(t, x)+g (t, x, u (t, x)) = 0, (t, x) G [0, T] x d® 

u (T, x) — I (x) , x G &, 

where L is the infinitesimal generator corresponding to the diffusion process X x and 
&(.) = <VV,V(.)>. 

Apart the work of El Karoui et al. J8) and Briand et al. (3J in the case of standard 
BSDEs, there has been relatively few papers which deal with the problem of exis- 
tence and/or uniqueness of the solution for BSDEs and RBSDEs in the case when the 
coefficients are not square integrable. This limits the scope for several applications (fi- 
nance, stochastic control, stochastic games, PDEs, etc, -)- To correct this shortcoming, 
Hamadene and Popier Q show that if £, sup 0<i<r {St) and Jo \f(t,0,0)\dt belong 
to L p for some p g] 1, 2[, then the RBSDEs with one reflecting barrier associated with 
(/, g = 0, £, S) has a unique solution. They prove existence and uniqueness of the 
solution in using penalization and Snell envelope of processes methods. In a previous 
works, Aman 111 give the similar result for a class of RGBSDEs (jl.ip with Lipschitz 
condition on the coefficients by used the L°° -approximation. In this paper, we extend 
the previous result, assuming that in this case coefficients are non-Lipschitz. The rest 
of the paper is organized as follows. The next section contains all the notations, as- 
sumptions and a priori estimates. Section 3 is devoted to existence and uniqueness 
result in LP ', p G (1,2) when the coefficients are non-Lipschitz. 

2. Preliminaries 

2.1. Assumptions and basic notations 

First of all, W = {Wt}t>o is a standard Brownian motion with values in M. d defined 
on some complete probability space (£l,J-, P). {^i}t>o is the augmented natural fil- 
tration of W which satisfies the usual conditions. In this paper, we will always use this 
filtration. In most of this work, the stochastic processes will be defined for t G [0, T], 
where T is a positive real number, and will take their values in R. 
For any real p > 0, let us define the following spaces: 
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denotes set of IR-valued, adapted cadlag processes {-Xt}te[o,r] sucn tnat 



\X\\sp =E sup \X t \ p 

\0<t<T 



< +00, 



and M p (W i ) is the set of predictable processes {^t}te[o,T] such that 



\X\ 



Mp 



E 



\X t \ 2 dt 



£-1 

2 



< +OO. 



If p > 1) then ||X||sj> (resp ||X||_a^ p ) is a norm on <S P (R) (resp. 
these spaces are Banach spaces. But if p G (0, 1) , (X, X') \- 



\X-X' 



is? 



'■)) and 
(resp 



\\X — X'\\ Mp ) defines a distance on <S P (R), (resp. A4 P (R )) and under this metric, 
S P (R) (resp. M p {R d )) is complete. 

Now let us give the following assumptions: 

(Al) (Gf) t>0 is a continuous real valued increasing Tt -progressively measurable 
process with bounded variation on [0,T]. 

(A2) Two functions / : £2x [0, T] xIRxIR d -> Mand^ : £2x[0,T]xIR -> Rforsome 
constants j3 < 0, A > 0, fi G R and for all t G [0, T], y, y' G R, z, z' G R d : 

(i) y 1 — > (/(t, j/, z),g(t, y)) is continuous for all z, (i, w) a.e., 
(m) /(., y, z) and </(., y) are progressively measurable, 

(m) \f(t,y,z)-f(t,y,z')\<X\z-z'\, 

(*«) (y - y') (f(t, y, z) - f(t, y', z)) < fx\y - yf, 

(v) \f(t,y,z)\ < \f(t,0,0)\+M(\y\ + \z\) 

(vi) (y - yf) (g(t, y) - g(t, y')) < p\y - y'\ 2 , 

(vii) \g(t,y)\ < \g(t,0)\+M\y\, 

(viii) E [(/ T \f(s,0,0)\d s y + (/ T \g(s,0)\dG s y] < 00. 

(A3) For any r > 0, we define the process 7r r in L p ([0, T] x £1, m ® P) by 
7r r (i)= sup |/(t,y,0)-/(i,0,0)|. 

|y|<r 

(A4) £ is a ^r-measurable variable such that E(|£| p ) < +00. 

(A5) There exists a barrier (St) t>0 which is a continuous, progressively measurable, 
real- valued process satisfying: 
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(i)E(su Po < t < r (5 t + )P) <+oc, 
(it) S T < { IP- a.s. 

Before of all, let us recall what we mean by a ZAsolution of RGBSDEs. 

Definition 2.1. A ZAsolution of RGBSDE associated to the data (£, /, g, S) is a triplet 

(Yt, Zt, Kt)o<t<T of progressively measurable processes taking values 
and satisfying: 

(i) Y is a continuous process, 

(ii) 

Y t = Z + J* f(s, Y s , Z s )ds + J T g(s, Y s )dG s - £ Z s dW s + K T - K t {2A) 
(Hi) Y t > St a.s., 

(iv) E rsup < t < T \Y t \P + ( J () T |Z s | 2 o!s) P/2 ^ < +cxd, 

(v) K is a non-decreasing process such that Kq = and Jq(Y s — S s )dK s = 0, a.s. 
2.2. A priori estimates 

In this paragraph, we state some estimates for solution of RGBSDE associated to 
(£, /, g, S) in LP when p > 1 like in [TJ . But the difficulty here comes from the facts 
the function / is not supposed to be Lipschitz continuous. Let us give the notation 
x = \x\~ l xl{ x ^£ } introduced in J5J that will play an important role in the sequel. 

Lemma 2.2. Assume that (Y,Z) e S P (R) x M p (R d ) is a solution of the following 
BSDE: 

Yt = £+ I f(s,Y s ,Z s )ds+ [ g(s,Y s )dG s - [ Z s dW s + A T - A u < t < T,(2.2) 

Jt Jt Ji 

where 



(i) / and g are functions which satisfy assumptions (A2), 

(ii) P a.s., the process (At)o<t<T is of bounded variation type. 
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Then for any < t < T we have: 



\Y t \ p + c{p) j |F s r 2 l {y ^ 0} |Z s | 2 d s 

< \£\+p \Y s \p~ 1 Y s f(s,Y s ,Z s )ds + p \Y s \P- l Y s g(s,Y s )dG s 
Jt Jt 

r T r T 

+p \Y s \ p ~ l Y s dA s - p \Y s \ p ~ l Y s Z s dW s . 
Jt Jt 

with c(p) =p[(p- 1) A 1] 12. 

We now show how to control the process Z in terms of the data and the process Y. 

Lemma 2.3. Let assume (A1)-(A4) hold and let (Y, Z, K) be the solution of RGB- 
SDE associated to (£, f,g,S).IfY(zS p then Z belong to A4 P and there exists a real 
constant C Pi x depending only on p and A such that, 



E 



\Z r \ 2 dr 



p/2 



< C p ^< sup \Y t \P 

0<t<T 



frdr 



+ 



[ T g r dGX + sup 

Jo J 0<t<T 



where / r ° = |/(r,0,0)| and = \g(r,0)\. 
Proof. For each integer n > 1 let introduce 



r„ =inf jt e [0,T],J \Z r \ 2 dr > raj A T. 



The sequence (T n ) n >o is of stationary type since the process Z belongs to Ai p and then 
L \Z s \ 2 ds < oo, P- a.s.. Next, for any a > 0, using Ito's formula and assumption 
(A2), we get 



\Yo\ 



e ar \Z r \ 2 dr- 



< e aTn \Y r J 2 + 2 sup e at \Y t \ x 

0<t<T 

1 



e ar \Y r \ 2 dG r 

TT \f r dr + g° r dG r ) 



+ (2A + £" 1 A-a) / e ar \Y r \ 2 dr 



+e I e ar \Z r \ 2 dr+- sup e 2at \Y t \ 2 + e\K Tn \ 2 - 2 / e ar Y r Z r dW ri 

£ 0<t<T n 



in virtue of the standard inequality 2ab < ja 2 + eb 2 for any e > and since (3 < 0. 
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But 



\k t j 2 < cA\y 2 \ + \y 2 



f°dr) + / \Y r \ 2 dr+ / \Y r \ 2 dG r 



+ ( / g° r dG r ) + / \Z r \ 2 dr 



Z r dW r 



(2.3) 



so that we have: 



(1 - eC x )\Y \ 2 + (l-e- sC x ) H e ar \Z r \ 2 dr 

JO 



<{eC x + e^)\Y Tn \ 2 + {l + eC x ) 



f u r dr + g»dG r 



1 



+ (2A + e" 1 A-a) / e ar \Y r \ l dr + (! + -) sup e 2at \Y t \ 2 

8 0<t<T n 







Z r dW r 



e ar Y r Z r dW, 



Choosing now e small enough and a such that 2A + e 1 A — a < 0, we obtain: 



p/2 



^1* < C PiA ^ sup Yf + / /> 



0<«T„ 



Next thanks to BDG's inequality it follows: 

P/2\ 



E 



e ar Y r Z r dW r 



< d p E 



< C P E 



\Y r \ 2 \Z r \ 2 dr \ 



p/4 



sup \Y t \v/ 2 

0<t<T n 



\Z r \ 2 dr\ 



Gl 



< — E sup |y 4 | p +77E( / |Z r | 2 dr 

V \ 0<t<T n I 



p/2 



Finally plugging the last inequality in the previous one, choosing r/ small enough and 
finally using Fatou's lemma we obtain the desired result. □ 

We will now establish an estimate for the processes Y and Z. The difficulty comes 
from the fact that the function y h-> \y\ p is not C 2 since we work with p £ (1,2). 
Actually we have: 
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Lemma 2.4. Assume (A1)-(A4). Let (Y, Z, K)) be a solution of the RGBDSE asso- 
ciated to the data (£, /, g, S) where Y belong to S p . Then there exists a constant C P} \ 
depending only on p and A such that 

{/ rT \ P/ 2 ' 

sup \Y t \P+( / \Z s \ 2 ds 
0<t<T \Jo j 



' [ T g° s dG s ) P + sup (Sty 

\J0 J 0<t<T 



Proof. For any a > 0, it from Lemma 2.2, together with assumption (A2) that 

^Y^ + c (p) jT e pas \Y s r 2 l {Ya¥ 0} \Z s \ 2 ds 

< eP au \Y u \P+p(X-a) [ T eP as \Y s \Pds+p [ U eP as \Y s \P- l f°ds 



+p [ U e P as \Y s \P- l g° s dG s +p\ [ T eP as \Y s \P- l \Z s \ds 

Jt Ju 

+p J U eP as I Y s \p~ 1 Y s dK s -pj U e P as | Y s \p~ 1 Y s Z s dW s . 
We have by Young's inequality 

P\\Y S \P~ 1 \Z S \ < -E^-\Y s \p + ^\Y s \p- 2 1 {YW0} \Z s \ 2 , 



and 



r u P 
p eP as \Y s \P- [ (f s d S + g° s dG s ) < (p-l) 7 5=T sup \Y.\* 

Jt 0<s<u 



/u \P / ru 

eP as f s ds\ + (J e pas g s dG : 

for any 7 > 0. Then plug the two last inequalities in the previous one, we obtain: 

e pat J y t | P + £|) £ e pas \ Ys \P- 2 l {Y ^ Q} \Z s \ 2 ds 



< e Pa-|y u |P + ( p _i) 7 ?=T sup |y B |P 

0<s<u 



s pas f°ds) + ( / e pas g Q s dG 



pi 



+P A + 



p-1 



e pas |y s | p ds 



+p / eP as \Y s \P~ l Y s dK s - p e pas \Y s \P- l Y s Z s dW s . 
Jt Jt 
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Next, the hypothesis related to increments of K and Y — S implies that 



e pas \Y s \ p - l Y s dK s < / e pas \S s \ p - l S s dK s 
t Jt 



a 



< J e pas {S+) p - l dK s 

< ( sup \s+r 

V £P-1 \0<t<u 



-e p (J e pas dK t 



for any e > 0, so that choosing a such that A + < a and put u = T, we get 



E (e pat \Y t \ p ) + (^j\ pas \Y s \ p - 2 l { y^ 0} \Z s \ 2 ds 



< E(e paT \£\ p ) + 0- 1) 7 ^E sup \Y S \ P 

\0<s<T 



~ P E 



jf e pas f s ds^j P + (j* e pas g s dG s ^j 



1 



1 



+(p - 1)— E sup \S?\ P + -e p E / e pa W, 

£P-l \0<t<T / P \Jt 



(2.4) 



On the other hand the predictable dual projection, Jensen's conditional inequality and 
together with Lemma 1231 provide 



E[(K T - K t ) p ] < C X , P E 



sup \Y S \ P - 

0<s<T 



T \P 

fids 



T \P 



, (2.5) 



where C\^ p is a constant which depend on p, A and possibly T which may change 
from line to another. 
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Coming back to inequality (|2.4|> and using BDG inequality we have 



E sup e pat \Y t \ p < E{e paT \Z\ p ) + ( P -l)-^E[ sup |S t +| p 

0<t<T £P-l \0<t<T 



+{C A ,p(7^+£ p )+CT}E sup \Y t \ p 

\0<t<T , 



+C XjP (- + s p )E 



t \ p / r T 

eP as f s ds\ + (J 



e pas g G s dG t 



-^E^j\ pas \Y s \ p - 2 Y s l { Y a ^}\Z s \ 2 ds 

1 + -^-) E(e paT m +(l + -^-) (p - 1)-Le ( sup |S 

c(p)r// V c(p)77/ e — \ <t<T 



1 + -rr) c ^ + ^) E 

c(p)r]J jP 



2p 



T 



? as f° s ds) +( 



P / rT 




e pa, 5 



c(p)r/ 



C A , P ( 1 + ^- I ( 7 ~+e p )+^E sup \Y t \ p 



, 0<t<T 



Finally it is enough to chose rj = ^ and 7, e small enough to obtain the desired 
result. □ 



Lemma 2.5. Assume that (/, g, £, S) and (/', 5', S') are fwo quadruplets satisfying 
assumptions (A1)-(A4). Suppose that (Y, Z, zs a solution of RGBSDE (/, g, £, S) 
and (Y 7 , Z', if') is a solution of RGBSDE (/', 5', 5')- £<?r set: 

Af = / - /', A£ = £ - AS = 5 - S' 
AY = Y - y', AZ = Z - Z, AK = K - K' 

and assume that AS 6 L p (dt x P). Then there exists a constant C such that 



E sup |AY t | p < CE 

ye [o,T] / 



T 

\Af(s,Y s ,Z s )\ds 



£ \Ag(s, Y s )\dG s J + C(V(T)) 1/p E 



sup \AS t \ p 
te[o,T] 
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with 

¥(T) = E 



\Z\ P + (£ fida\ + 9° s dG s J 

+W\ p +([ />) + (/ flfdc.) + sup 

wo / Vo / te[o,5 



+ sup 

te[o,T] 



T] 



Proof. Using Lemma 2.1 and (A2) we have for all < t < T: 

t-T 



\AY t \ p + c (p) jf |Ar s r 2 l {Ay ^o}|A^| 2 ds 

< \A£\ p +p\£ \AY s \ p - l AY s \AZ s \ds 

+p\ I \AY s \ p ds+p( lAY^-'AYslAfis^Y^Z^ds (2.6) 
Jt Jt 

+p/3j \AY s \ p dG s +pJ \AY s \ p ~ l AY s \Ag(s,Y s )\dG s 

+p [ T \AY s \ p - l AY s d(AK s ) - p [ T \AY s \ p - l AY s AZ s dW s . 
Jt Jt 



Moreover 

rT 



J \AY s \ p - l AY s d(AK s ) < J \AS s \ p - 2 (AS s )l {ASs7 , 0} dK s 

- £ \AS s \ p - 2 (AS s )l {ASsm dK> s 

< J |A5 a |P-id(Ajr s ) 

Thus coming back to (|2.6p and thanks to the Burkholder-Davis-Gundy and Young 
inequalities, we get with t = 

^E [ T \AY s \ p - 2 l {AYs ^ } \AZ s \ 2 ds 
z Jo 

< E|A£P + (-^-+pA)E [ T \AY s \ p ds 

p- 1 7 

+ P E / |An| p " 1 |A/(s,y.,Z a )|da+pE T |Ay,r 1 |A 5 (s, F s )|dG s 
Jo Jo 

+ P E [ T lASsl^diAKs) (2.7) 
Jo 



L p -solution of BDSE and non-Lipschitz coefficients 



23 



and 



E\AY t \ p < E|A£| P + (-^- + p \)eJ^ \AY s \ p ds 

+ P E [ T \AY s \P- l \Af(s,Y s ,Z s )\ds + pE [ \AY a \*~ 1 \Ag(s, Y s )\dG 
Jo Jo 

+ P E [ \AS s \ p ~ l d(AK s ), (2.8 
Jo 



since we recall again (3 < 0. 
We have by holder's inequality 



E / |AS s | p-1 d(A2ir s ) < E sup \AS t \ p 



p 

p-i 



Up 



0<t<T 



and 



P E f T \AY s \P- l \Af(s,Y s ,Z s )\ds + pE C \AY S \ P ~ 1 \Ag{s, Y s )\dG s 
Jo Jo 



< jE sup \AY t \ p + -E 

0<t<T 7 



\Af(s,Y s ,Z s )\ds 



V / r T 



\Ag(s,Y s )\dG t 



for any 7 > 0. Finally, return again to (|2.6p and use again Burkholder-Davis-Gundy 
together with inequalities (|2.7p and (|2.8p . it follows after choosing 7 small enough: 



E sup |AFi| p < CE 

\0<«T / 



M P +U \Af(s,Y s ,Z s )\dsj + (J \Ag(s,Y s 



s )\dG s 



p-i 



E sup \AS t \ p ) (Wt) [/p , 

0<t<T I 



which ends the proof. 



□ 



3. Existence and uniqueness of a solution 

With the help of the above a priori estimates, we can obtain an existence and unique- 
ness result by the use of L^-approximation. 

Firstly, let us give this result which is a slighly extension of Theorem 3. 1 of Ren and 
XialfTSl. 

Theorem 3.1. Assume (A1)-(A4). Then RGBSDE with data (£, /, g, S) has a unique 
solution (Y, Z, K) e5 2 x M 2 x S 2 . 



24 



Auguste Aman 



To prove this theorem, we need an important result which gives an approximation 
of continuous functions by Lipschitz functions (see Lepeltier and San Martin iflOl to 
appear for the proof). 

Lemma 3.2. Let f : MP — > R be a continuous function with linear growth, that is, 
there exists a constant K < oo such that V x G R p , < C(l + \x\). Then the 

sequence of functions f n (x) = inf ye Qp{f(y) + n\x — y\} is well defined for n > K 
and satisfies 

(a) Linear growth: Vs G M p , \f n (%)\ < M(l + \x\), 

(b) Monotonicity: Vs G R p , f n (x) /, 

(c) Lipschitz condition: V x,y G MP, \f n (x) — f n (y)\ < n\x — y\, 

(d) Strong convergence: if x n — > x as n — > oo, then f n (x n ) — > /(x) as n — > oo. 

Proof of The ore ro P-OI Consider. for fixed (i, w), the sequence (f n (t,u), y, z),g n (t, 0J,y)) 
associated to (/, g) by Lemma [3721 Then, f n ,g n are measurable functions as well as 
Lipschitz functions. Moreover, since £ satisfy (A4) and {St,0 < t < T} satisfy 
(A5), we get from Ren and Xia 0D that there is a unique triple {{Y t n , Z?, Kl l ),0 < 
t < T} of ^-progressively measurable processes taking values in R x M d x R + and 
satisfying 

(i) Y n is a continuous process, 



(it) Y t n =i + J t T f n (s, Y s n , Z n s )ds + J t T g n (s, Y s n )dG s - jf Z n s dW s + KJf - K?, 
(Hi) Y t n > S t a.s., 

(iv) E (sup < t < T \Y?\p + / T m 2 ds) < +oo, 

(v) K n is a non-decreasing process such that = and Jq(Y™ — S^)dK^ = 0, 



Using the comparison theorem of BSDE's in El Karoui et al. (9), we obtain that 



The idea of the proof of Theorem 13.11 is to establish that the limit of the sequence 
(Y n , Z n , K n ) is a solution of the RGBSDE juj with parameters (£, /, g, S). It fol- 
lows by the same step and technics as in ifTTl . hence we will outline. 

First, there exists a constant C depending only on M, T,E(£ 2 ) andE(sup 0<i<r (S , + ) 2 ), 
such that 



a.s. 



V?i > m > M, Y n > Y 



rn 



dt ® dP-a.s. 



(3-D 




(3.2) 
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Now, we have from (|3.ip and ()3.2|) respectively, the existence of the process Y 
such that Y t n / Yt, < t < T, P-a.s. and from Fatou's lemma, together with the 
dominated convergence theorem provide respectively 

E ( sup \Y t n \ 2 j < C and f \Y? - Y s \ 2 {ds + dG s ) -> (3.3) 

\0<t<T J JO 

as n — > oo. 

Now, we should prove that the sequence of processes Z n converge in Jvl 2 . For all 
n > m > no > M, from lto's formula for t = 



E\Y n -Y m \ 2 + E 



[ T \ZZ-ZT\ 2 d S = 2E [ (Y?-Y m )(fn(s,Y s n ,Z2)-f m (s,Y s m ,Z™))d S 
Jo Jo 



T 



+2E / (y* - F m )(<?„( S , F«) - g m (s, Y s m ))dG s 



o 



+2E [ T (Y s n - Y m )(dK^ - dK™). 
Jo 



Using the fact that for all n, Y t n > S u < t < T, and from the identity f T (Yf 
St)dK? = 0, we have 

[T / r T \ 1 / 2 

E 



J o \Z n s -Z™fds < i[e^ \Y s n -Y s m \ 2 ds) e(7 \f n ( s ,Y s n ,ZZ)-f m (s,Y s m ,Z™)\ 2 d s 
+2 (e£ \Y s n - Y s m \ 2 dG s ^j ' E \g n (s, Y s n ) - g m (a, Y™)\ 2 dG^j ' 



where we have used the Holder inequality. By the uniform linear growth condition on 
the sequence (f n ,g n ) and in virtue of (|3.2|) , we obtain the existence of a constant C 
such that 

Vn,m > n , E \Z n a - Z™\ 2 ds < CE fj* \Y s n - Y s m \ 2 (ds + dG s )^j . 

Then from (|3.3|) , (Z n ) is a Cauchy sequence in J\A, and there exists a ^-progressively 
measurable process Z such that Z" — > Z in Ai 2 , as n — > oo. 

Similarly by lto's formula and Davis-Burkholder-Gundy inequality, it follows that 



E sup \Y s n -Y s m \ 2 ->0 

yo<t<T J 

as n,m — > oo, from which we deduce that P-almost surely, F n converges uniformly 
in i to y and that Y is a continuous process. 
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Now according to RGBSDE (u), and use the same argument as ifTTl . we have for 
all n,m > no > M, we have 



E sup \K™ -K™\ 2 -> 

\0<t<T J 

as n, m — > oo. Consequently, there exists a progressively measurable, increasing (with 
iv"o = 0) and a continuous process process K with value in M + such 



E sup \K? -K s \ z ^0 
\o<t<r y 

as n — > oo. 

Finally, taking limits in the RGBSDE (m) we obtain that the triple {(Y t ,Z t ,K t ), < 
£ < T} is a solution of the RGBSDE flOJ and satisfy 

(1) y*>5t a.s., 

(2) E (sup < f < T |Fi| 2 + J T |Z s | 2 ds) < +oo, 

(3) J Q T (Y s -S s )dK s = 0, a.s. 
□ 

We now prove our existence and uniqueness result. 



Theorem 3.3. Assume (A1)-(A4). Then RGBSDE with data (£, /, g, S) has a unique 
solution (F, Z, K) e S p x M p x 5 P . 

Proof. Uniqueness 

Let us consider (Y, Z, K) and (¥', Z', K') two solutions of RGBSDE with data (£, /, 3, 5) 
in the appropriate space. Using Lemma 2.4 (since AS = 06 L p , A£ = Af = Ag — 
0), we obtain immediately Y — Y'. Therefore we have also Z = Z' and finally 
K = K', whence uniqueness follows. 

Let us turn to the existence part. In order to simplify the calculations, we will always 
assume that condition (A2-w) is satisfied with fi < 0. If it is not true, the change of 
variables Y t = t Y t , Z t = e^ 1 t Z t , K t = l K t reduces to this case 

Existence Since, the function / is non-Lipschitz, the proof will be split into two 
steps 

Step 1. In this part £, sup / t °, sup , sup S^~ are supposed bounded random variables 
and r a positive real such that 

V^+^XIlelloo + TllfHoo + ||G r ||oo||5 ||oo + ||5 + ||oo) < r. 
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%(y) 



Let 9 r be a smooth function such that < 6 r < 1 and 

1 for \y\ < r 

for \y\ > r + 1. 
For each n £ N*, we denote ^(z) = z j z j^ n and set 

h n (t,y,z) = 9 r (y)(f(t,y,q n (z))-f?) + f t . 

7r r+ i(rj V n 

According to the same reason as in J3), this function still satisfies quadratic condition 
(A2-iv) but with a positive constant i.e there exists k > depending on n such that 

(y-y')(hn(t,y,z) - h n (t,y',z)) < K,\y-y'\ 2 . 

Then (£, g, S) satisfies assumptions of Theorem 3.1. Hence, for each n 6 N, the 
reflected generalized BSDE associated to (£, /i n , g, 5) has aunique solution Z n ,K n ) 
belong in space S 2 x /vj 2 x S 2 . 
Since 

yhn(t,y,z) < \y\ ||/°||oo + A|y| |z| 

and £, 5 and G are bounded, the similar computation of Lemma 2.2 in [0 provide 
that the process Y n satisfies the inequality ||F"||oo < r. In addition, from Lemma 
2.2, ||^ n || J v)2 < r' where r' is another constant. As a byproduct (7", Z n , if 71 ) is a 
solution to the reflected generalized BSDE associated to (£, /„, g, 5) where 







Ut,y,z) = (f(t,y,q n (z))-f?) -— - + f t 

Tr r+ i{t) V n 

which satisfied assumption (A2-iv) with fj, < 0. 

We now have, for i e N, setting = Y n+i - Y n , Z n ^ = Z n+i - Z n , K 71 ' 1 = K n+i 
applying the similar argument as Lemme 2.3, we obtain 

m\yr\ 2 +\[ Hs)\zy\ 2 d S 

< 2 j T <&{s)Yr(f n+i {s,Y?,Z^) - f n (s,Y s n ,ZZ))ds 

+2 I 1>(s)Y s n ' l dK™ - 2 [ ^{s)Y^Z n ^dW S7 
Jt Jt 
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where for a > 0, <J>(s) = exp(2A 2 s). But ||i™' l ||oo < 2r so that 

m\yr\ 2 + \ [ Hs)\zr\ 2 ds 

< 4r ^ ®(s)\f n+i (s, Y s n , Z?) - f n (s, Y?, Z*)\ds 

+2 J Q^Y^dRy -2 J ^(s)Y s n ' i Z n ' i dW s 

and using the BDG inequality, we get, for a constant C depending only on A. fx and 

T, 

E( sup |?™' l | 2 + [ T IZ^fds ] 
yo<t<T Jo y 

< CVE / jf \f n+i (s, Y?, Z n s ) - f n (s, Y s n , Z")\ds} . (3.4) 

On the other hand, since |"K n ||oo < r, we get 
\f n+i (s,Y s n ,Z2) - f n (s,Y s n ,Z2)\ < 2\\2%\l m \ >n} +2A|Z s "|l w+l(s)>n} 

+27T J . + l(s)l{ 7rr+1 ( s ) >n } 

from which we deduce, according assumption (A3) and inequality p.4p that (Y n , Z n ) 
is a cauchy sequence in the Banach space S 2 x M. 2 . Let (Yj Z) its limit in 5 2 x A'! 2 , 
then for all < t < T, Y t > S t a.s.. 
Next, let us define 



/' / n (a, F/\ Z")d s - / F s ")dG s + f Zy\V s . (3.5) 
7n ^0 JO 



By the convergence of Y n , (for a subsequence), the fact that /, g are continuous and 

• sup n > |/( S ,57,Z s )| <f s + K{(sup n > \Y s n \) + \Z s \}, 

• su Pn > \g(s,Y s n )\ <g s + K { (sup n > \Y?\)} 

• E/ T \f(s,Y s n ,q n (Z?)) - f(s,Y s n ,Z s )\ 2 ds < CE £ \q n (Z^) - Z s \ 2 ds 
we get the existence of a process K which verifies for all t 6 [0, T] 

E\K?-K t \ 2 — >0. 

Moreover 



[ (Y„ - S s )dK s = 0, for every T > 0. 
Jo 
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It is easy to pass to the limit in the approximating equation associated to (£, /„, g, S), 
yielding (V, Z, K) as a solution of reflected generalized BSDE associated to data 

(Z,f,9,S). 

Step 2. We now treat the general case. 
For each n e N*, let us denote 

?n = q n (0, fn(t, y,z) = f (t, y, z) - /° + q n (f°), 
g n {t, y)=g (t, y) - g° t + q n (g° t ), 5 t " = g n (S t ). 

For each n G N*, RGBSDE associated with (£„, /„, S" 1 ) has a unique solution 
("K™, Z n , K n ) e L 2 thanks to the first step of this proof, but in fact also in LP, p > 1 
according the Lemma 2.3. Now from Lemma 2.4, for (i, n) G N x N*, 



e ( sup - iTT + ( f T \z™ +i - z^\ 2 d&] 1 

I o<t<r \7o ' / J 

+ [ T \q n+i (g° s ) - q n {gl)\ p dG s + sup \q n+i {S t ) - q n {S t )\ p \ , 

J0 0<t<T J 

where C depends on T and A. The right-hand side of the last inequality clearly tends 
to as n — > oo, uniformly on i so that (Y n , Z n ) is again a cauchy sequence in 
S p x M p . Let us denote by (Y, Z) e S p x M p it limit. Then it follows from identical 
computation as previous that, there exists a non-decreasing process K(Kq = 0) such 
that 

E(\K? -K t \ p ) — >0,asn — > oo 

and 



f (Y s - S s )dK s = 0, for every T > 0. 
Jo 



It is easy to pass to the limit in the approximating equation, yielding that the triplet 
(Y, Z, K) is a I/ p -solution of RGBSDEs with determinist time associated to (£, /, g, S). 

□ 
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